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Bayesian Supervised Learning

In classical supervised learning problem, We are given a dataset, and we should:

1. fix a set of predictors

2. find a good predictor in this set.

While in Bayesian supervised learning problem, we are given a dataset, and after the

first step, we should:
e draw a predictor according to some prescribed probability distribution
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What are PAC-Bayes Bounds?

e An extension of the union-bound argument (and maybe more!)

e Finite, infinite, or even continuous Parameter set

e But a different estimator!

Definition

Let P(©) be the set of all probability distributions on © equipped with a o-algebra 7 . A
data-dependent probability measure is a function:

D X xY)" — P(O).

Now, to bound data-depe quantities the supremum in Eq. ?? needs to be replaced by:

EgNﬁ[R(H) - 7“(0>] < sup EGN,O[R(Q) - T'(Q)]
peP(0)
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Why PAC-Bayes Bounds?

The last equation might look scary(!) and unnecessarily complicated at first sight, but it is
more convenient for many reasons:

e PAC-Bayes bounds could handle infinite parameter set easily
¢ Randomized estimators are fairly common in ML

e Bayesian estimators incorporate prior knowledge through a prior distribution 7 on ©.

Q: If © is infinite, what will the log()M) term be replaced with?
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A Simple PAC-Bayes Bound

Let us fix a probability measure m € P(©), which will be called the prior.

Theorem (A simple PAC-Bayes Bound ([Alquier, 2024]))
Forany \ > 0, forany § € (0,1),

AC? N KL(p||r) + In(3)

Ps(Vp € P(6), EonylR(6)] < Eonylr(0)] + - 5 )>1-4.
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From Occam’s Razor to PAC-Bayes

PAC-Bayes bounds are fundamentally an expression of Occam’s Razor: simpler

descriptions of data generalize better.

e The PAC-Bayes Shift: Instead of selecting a single 0, we consider a distribution of
"good" solutions v (the posterior).

e The "Bits Back" Argument: If we are satisfied with any sample from v, we save bits:

1
Avg. Code Length = Egy.,, [log w)] (Cross Entropy H(v, 7))
T

Bits Saved = H(v) (Uncertainty about specific )
Net Complexity = H(v, 7) — H(v) = KL(v/||7)

Result: The complexity term in the bound evolves naturally:

log 7T(19) e KL(v||7)
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Two Types of PAC Bounds

PAC bounds usually appear in two flavors.

Empirical PAC bound:
Ps(R(f;) < B(S,0,0)) =156,

where B(S, 0, 0) is computable from the data.

Oracle PAC bound:

Ps( R < o RUW + 1) 216

Main distinction
Empirical bounds give certificates. Oracle bounds explain statistical optimality.
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Oracle Bounds and Consistency

Oracle bounds control the excess risk inside the class:

R(f;) = jnt R(fo) < 72(0).

rn(0) =0 as  n— oo,

then the learned predictor becomes as good as the best predictor in F = {fy : 6 € ©}.

Important

This is consistency relative to the hypothesis class. For Bayes consistency, we also
need the approximation error to vanish:

inf — R, — 0.
Inf R(fg) — R =0
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From Occam Bounds to PAC-Bayes

Occam’s bound controls one selected hypothesis:

log#
R(0) < r(0) + \/%.

PAC-Bayes changes the object of study:

one hypothesis @ —  adistribution px over hypotheses.

Key shift

Instead of paying for the code length of one hypothesis, we pay for how much the
posterior px moves away from the prior m:

KL(px 7).
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Notation

Let © be the hypothesis space and let 7 be a prior distribution on ©, chosen before
observing the sample.

Given data x = (z1,...,zy,) ~ u", define

r(6) = %Zﬁ(@,mi), R(6) = Ex, [£(0, X)].
=1

A learning algorithm may return a posterior distribution

px € P(O).

We assume px < m and write

dpx
— (0
il

for the density of the posterior with respect to the prior.
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Randomized Predictors

A PAC-Bayes posterior px can be used in two ways.

Single-draw predictor:
0 ~ px, then predict with 6.

Posterior-mean risk:
Egmpe [R(O)],  Eomp,[r(0)]-

What PAC-Bayes bounds

PAC-Bayes gives high-probability control of risks after the posterior has been chosen
from the data.
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The PAC-Bayes Change-of-Measure Bound

Let
F:OxX" >R

be a measurable function.

Theorem
([Shawe-Taylor and Williamson, 1997, McAllester, 1999, Rivasplata et al., 2020])

With probability at least 1 — 6 overx ~ u",

1
Eorp [ £(0,%)] < KL(px|[7m) + log ExEg~r[exp{F(6, x)}] + log .

Interpretation

An exponential-moment bound under the prior becomes a high-probability bound for a
data-dependent posterior.
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Proof: Posterior-Mean version
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Single-Draw Version

Theorem
With probability at least 1 — § over x ~ p™ and 6 ~ px,

dpx 1
F(0,x) <log %(9) + log ExEy.[exp{ F'(9,x)}] + log 5

Viewpoint Randomness Complexity term
posterior mean x ~ pu” KL(px||7)
single draw X~ "0~ px log %(0)

Proof:
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Why the Theorem Works

The proof is essentially Markov’s inequality applied to an exponential.

For any random variable Y,

P <Y > log E[e"] + log ;) < 4.

For the posterior-mean version, use

Y = E@pr [F(@, X)] .

Then Jensen’s inequality and the change of measure dp = (dp/dm)dr convert the
moment under py into a moment under 7.
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The Reusable PAC-Bayes Recipe
PAC-Bayes bounds are obtained by choosing F'.
1. Choose F'(f,x) to encode the generalization quantity of interest.

2. Prove or use a bound on
log ExEg.[e" @]

3. Insert the moment bound into the PAC-Bayes theorem.

Two standard choices
e sub-Gaussian losses: choose F' proportional to R(6) — r(6),
e bounded losses: choose F' using the binary kl divergence.
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Sub-Gaussian Generalization Gap

Assume that for every 6 € ©, the loss fluctuation
00,X)— R(0)

is o-sub-Gaussian.
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Sub-Gaussian Generalization Gap

Assume that for every 6 € ©, the loss fluctuation
00,X)— R(9)

is o-sub-Gaussian. Then the empirical risk satisfies

g

vn

-sub-Gaussian.

r(0) — R(0) is
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Sub-Gaussian Generalization Gap
Assume that for every 6 € O, the loss fluctuation
00, X) — R(0)

is o-sub-Gaussian. Then the empirical risk satisfies

r(0) — R(0) is ;ﬁ—sub—Gaussian.
Choose
F(6,x) = A(R() —r(0)), A>0.
Then 2,2
log Ex[eF 0] < 22 .
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PAC-Bayes Bound for Sub-Gaussian Losses
For any fixed A > 0, with probability at least 1 — 6,

02 x || T (0)
B [R(0)] < gy [r(0)] + o 4 ST 2 08(1/0)

Message

true risk < empirical risk + concentration price + complexity price.
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Single-Draw Sub-Gaussian Bound

For any fixed A > 0, with probability at least 1 — § over x ~ ™ and 6 ~ py,

Ao N log %= (6) + log(1/4)

R(9) < 7(60) + - .

Posterior mean vs. single draw
Averaging over the posterior replaces the pointwise density ratio by its posterior average:

dpx
Egp, [log dp

% (6)] = KL(px1m).
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Binary ki Divergence

Now assume
(6, x) € [0,1].

For p,q € [0, 1], define

P L—p
kl(p,q) = plog =+ (1 — p) log .
(po) = plog 2 + (1 = p)log =
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Binary ki Divergence

Now assume
(6, x) € [0,1].

For p,q € [0, 1], define

P L—p
kl(p,q) = plog= + (1 — p) log .
(poa) = plog” + (1~ p) log

For bounded losses, a sharper choice is

F(6,x) = nkl(r(), R(9)).
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Binary ki Divergence

Now assume
(6, x) € [0,1].

For p,q € [0, 1], define

P L—p
kl(p,q) = plog= + (1 — p) log .
(poa) = plog” + (1~ p) log

For bounded losses, a sharper choice is

F(0,%x) = nkl(r(0), R(0)).

The key moment bound is, [Maurer, 2004]
Ex[exp (n kl(r(@),R(Q)))] <ovn, n>S8.
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kl-PAC-Bayes Bound: Posterior Mean

Theorem
Using joint convexity of k1, with probability at least 1 — ¢,

KL(px||m) + log 2/

K (Egnpy [1(0)], Bonpy [R(0)]) < -

Interpretation

This directly relates the posterior-averaged empirical risk to the posterior-averaged true
risk.
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kl-PAC-Bayes Bound: Single Draw

Theorem
With probability at least 1 — § over x ~ p™ and 6 ~ px,

- log %’:(0) + log %

kl(r(0), R(6))

n
Comparison

e posterior-mean bound: pays KL(px||7),
e single-draw bound: pays log %‘(9).
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Turning the kl Bound into a Risk Bound

Define
kI"'(g,¢) = sup{p € [¢,1] : kl(g, p) < e}
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Turning the kl Bound into a Risk Bound

Define
kI"'(g,¢) = sup{p € [¢,1] : kl(g, p) < e}

Then the posterior-mean kil bound implies

2/
B [R(0)] < K (EM oy, KLoslm) + 1o 2 ) |

n
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Turning the kl Bound into a Risk Bound

Define
kI"'(g,¢) = sup{p € [¢,1] : kl(g, p) < e}

Then the posterior-mean kil bound implies

2/
B [R(0)] < K (wa oy, KLoslm) + 1o 2 ) |

n

A looser but more readable version is

v 0) 2y/n
Egrp[R(0)] < Eopr(6)] + \/ s

A tighter but messier version is

g, [r(0)](KL(px|I7) + log 24") N 2(KL(px||) + log 247)
n n

Egmpe [R(0)] < Egrop,, [r(ﬁ)H\/
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Pinsker’s Inequality

Define
kI™Y(q,¢) = sup{p € [¢,1] : Kl(¢,p) < €}.
Then the posterior-mean kl bound implies

n

2y
By puR(O)] < 117! (Eewpx oy, KLloxlm) + log 5) |

e Using Pinsker’s inequality [Boucheron et al., 2013, Theorem 4.19] we know
k(p,q) > 2(p — q)?, and it implies thats k= (p,b) < p + %.
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Pinsker’s Inequality

Define
kI™! (g, &) = sup{p € [¢,1] : kl(¢,p) < e}.
Then the posterior-mean kl bound implies

n

2y
By puR(O)] < 117! (wa oy, KLloxlm) + log 5) |

e Using Pinsker’s inequality [Boucheron et al., 2013, Theorem 4.19] we know
k(p,q) > 2(p — q)?, and it implies thats k= (p,b) < p + %.

e Also, using the relaxed version of Pisnker’s inequality [Boucheron et al., 2013, Lemma
8.4] we know «(p, q) > (p q) one can show that k= (p, b) < p + /2pb + 2b.
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Why Minimize the Bound?

A finite-class PAC bound motivates ERM:
R(Ogry) < r(fgry) + complexity.
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Why Minimize the Bound?

A finite-class PAC bound motivates ERM:

R(0grm) < r(fgrw) + complexity.

So we choose the predictor that minimizes the empirical risk:

frrm € inr(6).
ERM € arg 10}161({)”“()
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Why Minimize the Bound?
A finite-class PAC bound motivates ERM:
R(éERM) < T(éERM) + complexity.
So we choose the predictor that minimizes the empirical risk:
0 inr(6).
ERM € arg Py r(6)
PAC-Bayes gives a bound over probability measures p:

Eonp[R(0)] S Eonplr(9)] + YKL (p]7).
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Why Minimize the Bound?

A finite-class PAC bound motivates ERM:

R(Ogrm) < r(fpru) + complexity.

So we choose the predictor that minimizes the empirical risk:
0 inr(6).
ERM € arg Py r(6)
PAC-Bayes gives a bound over probability measures p:

Eonp[R(0)] S Eonplr(9)] + YKL (p]7).

Natural PAC-Bayes learning rule
Choose the posterior that minimizes the right-hand side:

1
D i Eg,[r(0 —KL .
€ arg iy {Boo,lr(0)] + KL(sIm) |
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Which Posterior Minimizes the Bound?

Ignoring constants, the sub-Gaussian PAC-Bayes bound suggests minimizing

J(p) = Egplr(8)] + ;Kupuw), 8> 0.

Interpretation

e r(0): fit the data well;

e KL(p||7): stay close to the prior;

e (3: inverse temperature controlling the trade-off.
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Donsker-Varadhan Variational Formula

For any bounded measurable function h : © — R,

log Eor "] = sup {Bonft(6)] ~ KL(pl)} .
pe

The supremum is reached at the Gibbs measure m:

dmy, e
o D= Egr[eh®)]’

Key message
Link to our bound: min = max, h(6) = —pr(6)

Key message
Exponentials turn optimization over distributions into a Gibbs measure.
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Proof Idea I: KL Non-negativity

Define
dﬂh eh(e)

dr ) T Egonleh®]
For any p € P(©),

dp
KL(pllm) = B, [log 7.

Using the definition of 7y,
KL(p||mn) = KL(pl|m) — E,[h(6)] + log Ex[e")].

Since KL(p||77) > 0,
E,[h(8)] — KL(p||7) < log E.[e"®)].

Equality holds for p = .
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Proof Idea II: Change of Measure + Jensen

Forany p < 7,
log B [e"?] = logE, [eh(e)(ﬁ)] .

By Jensen’s inequality,

Therefore,

Equality holds when
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Proof Idea lll: Variational Derivation
Write u(#) = dp/dm(0). Then

subject to

The first-order condition gives
1
r(0) + B(log u@)+1)4+pu=0,

hence
u(f) = Ce P,
Normalization gives the Gibbs posterior.
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Intuition Behind Donsker-Varadhan
Donsker—Varadhan says:

log By [ )] = sup {E, [1(6)] ~ KL(pl[m)} .

Interpretation

To make the average value of h(0) large, we may move from the prior 7 to another
distribution p, but we must pay the price KL(p||7).

reward — complexity penalty

The optimal trade-off is obtained by the Gibbs distribution:
dp*
dm
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Applying Donsker-Varadhan

Choose
h(0) = —pr(0).
Then
Z@(X) =Egor [eiﬁT(ﬁ)] .

Donsker—Varadhan gives
log Z3(x) = sup {—BEg~,[r(0)] — KL(p||m)} .
P

Equivalently,
1

g

Thus the minimizer of J(p) is the Gibbs posterior.

log Zg(x) = i%f {ngp[r(H)] + ;KL(pHW)} .
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The Gibbs Posterior

The minimizer has density

dG(x) e=Pr(®)
(0 =
5(x)
where
Zg(x) = Egmr [e‘ﬁr(ﬁ)] :
So
Coldb | %) = S )
X) = T
7 Zg(x)

Interpretation
Small empirical risk gets high weight, but the prior still regularizes the posterior.
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